Abstract. Suppose that G is a topological group and C a compact subset of G. In this paper we define group nonexpansive mappings and then we consider S = {T i : i ∈ I} as a family of the group nonexpansive mappings on C. Also we study the existence of group nonexpansive retractions P i from C onto Fix(S) such that P i T i = T i P i = P i .
Introduction
A topological group G is a set endowed with two structures, a group structure and a topological structure. Specifically, G is both an abstract group and a topological space such that the two maps
are assumed to be continuous. Also, the Hausdorff condition will be imposed.
Let D be a subset of B where B is a subset of a topological group G. A mapping P is called a retraction of B onto D, if Px = x for each x ∈ D.
The first nonlinear ergodic theorem for nonexpansive mappings in a Hilbert space was established by Baillon [1] : Let C be a nonempty closed convex subset of a Hilbert space H and let T be a nonexpansive mapping of C into itself. If the set Fix(T) of fixed points of T is nonempty, then for each x ∈ C, the Cesaro means S n x = 1 n n k=1 T k x converge weakly to some y ∈ Fix(T). In Baillon's theorem, putting y = Px for each x ∈ C, P is a nonexpansive retraction of C onto Fix(T) such that PT n = T n P = P for all positive integers n and Px ∈ co{T n x : n = 1, 2, ...} for each x ∈ C. Takahashi [13] proved the existence of such retractions, ergodic retractions, for non-commutative semigroups of nonexpansive mappings in a Hilbert space: If S is an amenable semigroup, C is a closed, convex subset of a Hilbert space H and S = {T s : s ∈ S} is a nonexpansive semigroup on C such that Fix(S) ∅, then there exists a nonexpansive retraction P from C onto Fix(S) such that PT t = T t P = P for each t ∈ S and Px ∈ co {T t x : t ∈ S} for each x ∈ C. These results were extended to uniformly convex Banach spaces for commutative semigroups in [4] and for noncommutative amenable semigroups in [5, 6] and recently for a family of Q-nonexpansive mappings in locally convex spaces in [3] . For other results we refer the reader to [11, 9, 10, 12] .
In this paper, first we define group nonexpansive mappings. Then we establish some ergodic retractions for topological groups, based on the definition. Indeed we find a family of desired retractions by removing the important condition "convexity" in the above mentioned theorems, in the topological groups.
preliminaries
In this section, we introduce our definition and give some examples: First, we prove the following theorem (motivated in part by ideas in [11] ) which is the main result of this section and will be essential in the sequel. Proof. Let C C be the product space with the product topology induced by the relative topology on C. Now for a fixed α ∈ I, consider the following
and every closed S-invariant subset of C is also T -invariant}.
From the fact that G is Hausdorff, for each z ∈ Fix(S), the singleton set {z} is a closed S-invariant subset of C, and then for each T ∈ R, Tz = z.
Fix z 0 ∈ Fix(S) and let for each x ∈ C, C x :={y ∈ C : for each closed neighborhood U of e that xz
For all x ∈ C and T ∈ R, we have that T(x) ∈ C x . Since T is group nonexpansive for a closed neighborhood U of e, if xz
Consider a closed neighborhood U of e such that xz
From the fact that the mapping (x, y) → xy is continuous we
and since U is closed we conclude that yz
and therefore C x is closed and since C is compact we conclude that C x is compact. By Tychonoff's theorem, we know that when C x is given the relative topology and x∈C C x is given the corresponding product topology, x∈C C x is compact. Next we prove that R is closed in x∈C C x .
Let {T λ : λ ∈ Λ} be a net in R which converges to T 0 in x∈C C x . Hence if z ∈ Fix(S), then we have ∈ U then we have T 0 x(T 0 y)
group nonexpansive. Obviously, we have T 0 • T α = T 0 and every closed
we show that R ∅. Consider the mappings S n = T n−1 α ∈ x∈C C x for each n ∈ N. Then from the fact that x∈C C x is compact, it has a convergent subnet {S n η }. Define for each x ∈ C, T(x) = lim η S n η x. We now check that T ∈ R. Note that, from the continuity of the mapping (x, y) → xy and
and the group nonexpansiveness of S n η and closedness of U, T is group nonexpansive. Indeed, if xy
∈ U for any closed neighbourhood
U of e and x, y ∈ C, then we have Tx(Ty)
invariant and thus from the closedness of D, is T-invariant. Therefore, we have shown that T ∈ R ∅.
Now define a preorder in
∈ U, and by using a method similar to Bruck's method [2] , we find a minimal element T min in R. Indeed, using
Zorn's Lemma, it is enough that we show that each linearly ordered subset of R has a lower bound in R. Let {A λ } be a linearly ordered subset of R. Then the family of sets {T ∈ R : T A λ } is a linearly ordered subset of R by inclusion. Taking into account the closeness proof of R in x∈C C x , these sets are closed in R, and hence compact. Then from the finite intersection property, there exists R ∈ λ {T ∈ R : T A λ } with R A λ for all λ. Then each linearly ordered subset of R has a lower bound in R. We have shown that there exist a minimal element P α in the following sense:
if T ∈ R and for each U ∈ B e that P α x(P α y)
Next we prove that P α x ∈ Fix(S) for every x ∈ C. For a given x ∈ C, 
Since P α , L ∈ R and the set {y} is S-invariant, we have P α (y) = L(y) = y, and since L is group nonexpansive, P α is minimal and
= e ∈ U, for each U ∈ B e and then we have (P α x)y
∈ U for each U ∈ B e (to see this consider LP α instead of T in ( * )) and by (vi) of Corollary 1.11 in [7] , (P α x)y −1 = e, hence P α x = y ∈ Fix(S) and this holds for each x ∈ C.
Since P α ∈ R, T α ∈ S and {P α x} is S-invariant for each x ∈ C, hence, it must be P α -invariant for each x ∈ C. Then we conclude that P 2 α = P α and
As a consequence of Theorem 3.1, we establish an ergodic retraction by a group nonexpansive retraction.
Theorem 3.2. Let G be a topological group and let C be a compact subset of G.

Suppose that S = {T i : i ∈ I} is a family of group nonexpansive mappings on C such that Fix(S) ∅. Also suppose for every nonempty compact S-invariant
subset K of C, K ∩ Fix(S) ∅. If there is a group nonexpansive retraction R from C onto Fix(S), then for each i ∈ I, there exists a group nonexpansive retraction P i from C onto Fix(S), such that P i T i = T i P i = P i , and every closed S ∪ {R}-invariant subset of C is also P i -invariant.
Proof. Set S ′ := S ∪ {R} and
and every closed S ′ -invariant subset of C is also T -invariant}, and we get that Fix(S ′ ) = Fix(S) and by replacing S with S ′ and R with R ′ in the proof of Theorem 3.1, we find a minimal element P α in the sense of ( * ). Now we have
for each T ∈ R ′ and because R ∈ S ′ , we have that every closed S ′ -invariant subset of C is also R -invariant, and therefore is R • T-invariant for each T ∈ R ′ . Hence for each x ∈ C, the set K = {T(P α x) : T ∈ R ′ } is an R-invariant subset of C for each T ∈ R ′ . Therefore from the fact that
Now by repeating the reasoning used in Theorem 3.1, we get the desired result.
As an application of Theorem 3.2, we have the following result: ∈ U then we have,
and then we conclude ∈ {P i (x) : i ∈ I} τ .
Examples and applications
Recall every locally convex space is a topological group by the topology generated by a family of seminorms. Theorem 3.1 extends and generalizes Theorem 4.1(a) in [3] , by removing the "convex" and "separated" conditions as follows: 
If for every nonempty compact
for each i ∈ I, there exists a group nonexpansive retraction P i from C onto
Fix(S), such that P i T i = T i P i = P i and every closed S-invariant subset of C is also P i -invariant.
In the following example for Theorem 3.1, we find a family of retractions without the convexity condition on K. 
there exists n 1 ∈ N such that x ∈ [ 2n 1 2n 1 −1 , 2] and T n (x) = ( 1 n − 1)x + 2 ∈ K for each n ≥ n 1 , taking limit on n, from the fact that K is closed, −x + 2 ∈ K, but we know that −x + 2 ∈ [0, 2n 1 −2
then there exists an integer n 2 ∈ N such that x ∈ [ hence from the fact that K is closed, 1 ∈ K. Now, let to define P n :
First, we show that P n is a retraction for each n = 2, 3, 4, . . . 
therefore since x − y ≥ 0, we have
another cases is obvious. Hence P n is a group nonexpansive mapping. Now, to show P n T n = T n P n = P n , first we show that T n P n = P n : the case that x ∈ [0, 1]
is obvious. Let x ∈ (1, n n−1 ), then we have T n P n x = T n (1) = 1 = P n x. Finally, let x ∈ [ n n−1 , 2], so we have 2 n ≤ ( 1 n − 1)x + 2 ≤ 1 then T n P n x = T n (( 1 n − 1)x + 2) = ( 1 n − 1)x + 2 = P n x.
Next, we show that P n T n = P n : let x ∈ (0, 2n 2n−1 ), obviously we have P n T n x = P n x. Finally, let x ∈ ( , hence from the fact that P n x = ( 1 n − 1)x + 2 = T n x ∈ K, we have P n x ∈ K. Therefore, K is also P n -invariant for each n = 2, 3, · · · .
